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MINIMIZING VALUATION IS QUASI-MONOMIAL
CHENYANG XU
Abstract. We prove a version of Jonsson-Mustat¸aˇ’s Conjecture, which says for any
graded sequence of ideals, there exists a quasi-monomial valuation computing its log
canonical threshold. As a corollary, we confirm Chi Li’s conjecture that a minimizer of
the normalized volume function is always quasi-monomial.
Applying our techniques to a family of klt singularities, we show that the volume of
klt singularities is a constructible function. As a corollary, we prove that in a family of
klt log Fano pairs, the K-semistable ones form a Zariski open set. Together with [Jia17],
we conclude that all K-semistable klt Fano varieties with a fixed dimension and volume
are parametrized by an Artin stack of finite type, which then admits a separated good
moduli space by [BX18,ABHLX19], whose geometric points parametrize K-polystable
klt Fano varieties.
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1. Introduction
Through out this paper, we work over an algebraically closed field k of characteristic
0. In this note, we use recent developments in birational geometry, especially results
from the minimal model program, to study invariants of singularities which are of an
asymptotical nature. We aim to get some uniform results which can not be obtained by
previous methods.
1.1. The valuation computing the log canonical threshold. Our first theorem is
to prove that for any graded sequence of ideals, there always exists a quasi-monomial
valuation which computes the log canonical threshold.
Theorem 1.1 ([JM12, Conjecture B]). If (X,∆) is a Kawamata log terminal (klt) pair,
and a• := {ak}k∈N is a graded sequence of ideals such that lct(a•) <∞. Then there exists
a quasi-monomial valuation v which calculates the log canonical threshold of a•, i.e.,
AX,∆(v)
v(a•)
= inf
w
AX,∆(w)
w(a•)
,
CX is partially supported by a Chern Professorship of the MSRI (NSF No. DMS-1440140) and by the
NSF (No. 1901849).
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where w runs through all valuations whose center is on X.
This confirms the weak version of [JM12, Conjecture B]. However, our techniques does
not directly give the strong version, which predicts any valuation w computing the log
canonical threshold of a• is quasi-monomial. More precisely, for any such w, our approach
produces a quasi-monomial valuation v with AX,∆(v) = AX,∆(w), v ≥ w and v also
computes the log canonical threshold of {a•}.
One consequence of the above theorem is the following statement.
Theorem 1.2 ([Li18, Conjecture 7.1.3]). Let x ∈ (X,∆) be a klt singularity. Any mini-
mizer vm of the normalized volume function
v̂ol(X,∆),x : ValX,x → R>0
⋃
{+∞}
is quasi-monomial.
This is one piece of a circle of conjectures about the minimizer of the normalized
volume function v̂ol(X,∆),x, which are all together packed into the Stable Degeneration
Conjecture (see [Li18, Conj. 7.1], [LX18, Conj. 1.2]), and predict some deep information
about an arbitrary klt singularity. We note that the Stable Degeneration Conjecture has
been intensively studied (see e.g. [Li17,Blu18,LL19,LX16,LX18]). Combining Theorem
1.2 with the previously known results, the main remaining part is to show that for the
quais-monomial minimizer v, its associated graded ring is finitely generated. While this is
known when the rational rank is one ([LX16,Blu18]), this is still open when the rational
rank of v is larger than one, except when dim(X) = 2 (see [Cut18, Prop. 1.4]).
Another application of Theorem 1.1 is that it finishes the algebraic approach, origi-
nated from [JM14, Theorem D], of solving the Demailly-Kolla´r’s Openness Conjecture (see
[DK01]). Recall the Openness Conjecture says that for any germ of a pluri-subharmonic
function φ at a point x on a complex manifold, we have
if cx(φ) <∞, then the function exp(−2cx(φ)φ) is not locally integrable at x.
Here cx(φ) is the complex singularity exponent of φ at x. We note that the Openness
Conjecture has been proved in [Ber15,GZ15] by completely different methods with more
analytic nature. On the other hand, it seems that our approach can not yield the stronger
version [JM14, Conjecture C′′], which would imply the Strong Openness Conjecture. Nev-
ertheless, the latter is also proved in [GZ15] (see also [Hie14,Lem17]).
The proof of Theorem 1.1 depends on a combination of two sets of recently estab-
lished techniques: The first one is approximating a valuation computing the log canonical
threshold by a sequence of valuations which can be better understood using birational
geometry. This idea is developed in [LX16]. In particular, the proof of [LX16, Theorem
1.3] essentially implies that in Theorem 1.1, we can find a valuation v computing the
log canonical threshold which can be always approximated by a sequence of rescalings
of Kolla´r components Si (see Definition 2.6). Roughly speaking, Kolla´r components are
divisorial valuations over x ∈ (X,∆) which admits a log Fano structure.
The second main ingredient is the boundedness of complements which was recently
established in [Bir16]. This difficult result together with an estimate established in [Li18],
imply that all Si can be obtained as log canonical places of a bounded family of Q-Cartier
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divisors on (X,∆). From this boundedness, we then could conclude that the limit is
quasi-monomial.
1.2. The volume function of klt singularities is constructible. Applying our tech-
niques to a family of klt singularities also leads to a proof of the following result.
Theorem 1.3. For a Q-Gorenstein family of klt singularities (B ⊂ (X,∆))→ B over a
smooth base, the volume function
v̂olB : B → R>0 (s ∈ B)→ v̂ol(s,Xs,∆s)
which sends each geometric point s to the volume of the singularity over s, is constructible
in Zariski topology.
In [BL18a], it is shown that v̂olB is lower semi-continuous. Combining with the cone
construction, we obtain the following theorem.
Theorem 1.4. For a Q-Gorenstein family of log Fano pairs (X,∆) → B over a smooth
base B, the locus B◦ ⊂ B which parametrises K-semistable geometric fibers form an open
set.
The openness of uniform K-stability in a Q-Gorenstein family of log Fano pairs was
previously proved in [BL18b]. Together with [Jia17, BX18,ABHLX19], we conclude the
following theorem.
Theorem 1.5. Fix n and V , the functor Xkssn,V of families of K-semistable Q-Fano varieties
of dimension n and volume V is an Artin stack of finite type.
Moreover, it admits a good moduli space Xkpsn,V , whose geometric points parametrise K-
polystable Q-Fano varieties.
We expect that Xkpsn,V is proper or even projective.
Remark 1.6. In the simultaneous work [BLX19], in a more global setting, i.e., for log Fano
pairs (X,∆), a similar strategy is applied to study the stability thresholds δ(X,∆). As a
result, Theorem 1.4 as well as the consequence Theorem 1.5 are also proved there.
Acknowledgement: The author is grateful to Harold Blum, Mattias Jonsson, Chi Li,
Yuchen Liu, Davesh Maulik, Mircea Mustat¸aˇ, and Ziquan Zhuang for helpful conversa-
tions. He also thanks Harold Blum for reading the first draft of the paper and giving
valuable suggestions. A large part of the work on this paper was completed when CX
visited MSRI. He thanks the institute for the wonderful environment.
2. Preliminaries
Notation and Conventions: We use the standard notation as in [Laz04], [KM98] and
[Kol13]. For a log canonical pair (X,∆), and a divisor E over (X,∆) its log discrepancy
AX,∆(E) = 1 + a(E,X,∆) where a(E,X,∆) is its discrepancy (see [KM98, Def. 2.25]).
We say a divisor E is a log canonical place if the log discrepancy AX,∆(E) = 0.
A projective pair (X,∆) is called a log Fano pair, if (X,∆) is klt and −KX − ∆ is
ample.
For a morphism X → B and a point s ∈ B, we will use Xs to mean its fiber.
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Given a ring R, a graded sequence {a•}N ⊂ R (or simply a•) of ideals is a set of ideals
ak (k ∈ N) satisfying that ak · ak′ ⊂ ak+k′. We will sometimes also include a0 = R in a
graded sequence of ideals.
For two divisors IfD =
∑
i diDi andD
′ =
∑
i d
′
iDi, we defineD∧D
′ =
∑
imin{di, d
′
i}Di.
Let I be a set in [0, 1]. We define
I+ = {0}
⋃{
j ∈ [0, 1]
∣∣∣∣ j = l∑
p=1
ip for some i1, ..., ip ∈ I
}
and
D(I) =
{
m− 1 + a
m
∣∣∣∣ a ∈ I+ and m ∈ N}.
Let X → B be a flat family with geometric integral fibers. Then we call (Y,E)/B →
(X,D)/B to be a fiberwise log resolution of (X,D)/B, if for each s ∈ B, (Ys, Es) →
(Xs, Ds) is a log resolution and any strata of (Y,E), i.e., a component of the intersection
∩Ei for components Ei of E, has geometric irreducible fibers over B.
2.1. The space of valuations.
2.1.1. Valuations. Let X be a reduced, irreducible (separated) variety defined over k. A
real valuation of its function field K(X) is a non-constant map v : K(X)× → R, satisfying:
• v(fg) = v(f) + v(g);
• v(f + g) ≥ min{v(f), v(g)};
• v(k∗) = 0.
We set v(0) = +∞. A valuation v gives rise to a valuation ring
Ov := {f ∈ K(X) | v(f) ≥ 0}.
We say a real valuation v is centered at a scheme-theoretic point ξ = cX(v) ∈ X if we
have a local inclusion Oξ,X →֒ Ov of local rings. Notice that the center of a valuation, if
exists, is unique since X is separated. Denote by ValX the set of real valuations of K(X)
that admits a center on X . For a closed point x ∈ X , we denote by ValX,x the set of real
valuations of K(X) centered at x ∈ X . A valuation v ∈ ValX is centered at x ∈ X if
v(f) > 0 for any f ∈ mx.
For each valuation v ∈ ValX,x and any positive integer k, we define the valuation ideal
a
v
k := {f ∈ Ox,X | v(f) ≥ k}.
Then it is clear that avk is an mξ-primary ideal for each k and ξ = cX(v).
Given a valuation v ∈ ValX and a nonzero ideal a ⊂ OX , we may evaluate a along v by
setting
v(a) := min{v(f) | f ∈ a · OcX(v),X}.
It follows from the above definition that if a ⊂ b ⊂ OX are nonzero ideals, then v(a) ≥
v(b). Additionally, v(a) > 0 if and only if cX(v) ∈ Cosupp(a). We endow ValX with the
weakest topology such that, for every ideal a on X , the map ValX → R∪{+∞} defined by
v 7→ v(a) is continuous. The subset ValX,x ⊂ ValX is endowed with the subspace topology.
In some literatures, the space ValX,x is called the non-archimedean link of x ∈ X . We
say two valuations v ≥ w if v(f) ≥ w(f) for any f ∈ OX . Let D be a Cartier divisor
on X and v a valuation, we can also define v(D) to be v(f) where f is a generator of D
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at cX(v). And similarly if D is Q-Cartier, we can define v(D) =
1
m
v(mD) for sufficiently
divisible positive integer m. For {a•}N, we define
v(a•) = inf
k→∞
v(ak)
k
= lim
k→∞
v(ak)
k
.
Let Y
µ
−→ X be a proper birational morphism with Y a normal variety. For a prime
divisor E on Y , we define a valuation ordE ∈ ValX that sends each rational function in
K(X)× = K(Y )× to its order of vanishing along E. Note that the center cX(ordE) is the
generic point of µ(E). We say that v ∈ ValX is a divisorial valuation if there exists E as
above and λ ∈ R>0 such that v = λ · ordE .
Next, we will introduce another important class of valuations which are called quasi-
monomial valuations. Let µ : Y → X be a proper birational morphism and η ∈ Y a point
such that Y is regular at η. Given a system of parameters y1, · · · , yr ∈ OY,η at η and
α = (α1, · · · , αr) ∈ R
r
≥0 \ {0}, we define a valuation vα as follows. For f ∈ OY,η we can
write it as f =
∑
β∈Zr
≥0
cβy
β, with cβ ∈ ÔY,η either zero or unit. We set
vα(f) = min{〈α, β〉 | cβ 6= 0}. (2.1)
A quasi-monomial valuation is a valuation that can be written in the above form.
Let (Y,E =
∑N
k=1Ek) be a log smooth model of X , i.e. µ : Y → X is an isomorphism
outside of the support of E. We denote by QMη(Y,E) the set of all quasi-monomial valu-
ations v that can be described at the point η ∈ Y with respect to coordinates (y1, · · · , yr)
such that each yi defines at η an irreducible component of E (hence η is the generic
point of a connected component of the intersection of some of the divisors Ei). We put
QM(Y,E) :=
⋃
ηQMη(Y,E) ⊂ ValX,x where η runs over generic points of all irreducible
components of intersections of some of the divisors Ei. Such a subspace QM(Y,E) can
be naturally identified a cone over the dual complex D(E) (see Definition 2.2).
Given a valuation v ∈ ValX,x, its rational rank rat.rk(v) is the rank of its value group.
The transcendental degree trans. deg(v) of v is the transcendental degree of the field ex-
tension k →֒ Ov/mv. The Zariski-Abhyankar inequality says that
trans. deg(v) + rat.rk(v) ≤ dimX.
A valuation satisfying the equality is called an Abhyankar valuation. By [ELS03, Propo-
sition 2.8], we know that a valuation v ∈ ValX is Abhyankar if and only if it is quasi-
monomial.
2.1.2. Log discrepancy. In the next, we give the definition the log discrepancy AX,D(v)
(see Definition 2.1).
Definition 2.1 (Log discrepancy). Let (X,∆) be a klt log pair. We define the log
discrepancy function of valuations AX,∆ : ValX → (0,+∞] in successive generality.
(1) Let µ : Y → X be a proper birational morphism from a normal variety Y . Let E
be a prime divisor on Y . Then we define AX,∆(ordE) = AX,∆(E), i.e.
AX,∆(ordE) := 1 + ordE(KY − µ
∗(KX +∆)).
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(2) Let (Y,E =
∑N
k=1Ek) be a log smooth model of X . Let η be the generic point of
a connected component of Ei1 ∩ Ei2 ∩ · · · ∩ Eir of codimension r. Let (y1, · · · , yr)
be a system of parameters of OY,η at η such that Eij = (yj = 0). Then for any
α = (α1, · · · , αr) ∈ R
r
≥0 \ {0}, we define A(X,∆)(vα) as
AX,∆(vα) :=
r∑
j=1
αjAX,∆(ordEij ). (2.2)
(3) In [JM12], it was showed that there exists a retraction map
ρY : ValX → QM(Y,E)
for any log smooth model (Y,E) over X , such that it induces a homeomorphism
ValX → lim←−(Y,E)
QM(Y,E). For any real valuation v ∈ ValX , we define
AX,∆(v) := sup
(Y,E)
AX,∆(ρ(v)). (2.3)
where (Y,E) ranges over all log smooth models over X . For details, see [JM12] and
[BdFFU15, Theorem 3.1]. It is possible that A(X,∆)(v) = +∞ for some v ∈ ValX ,
see e.g. [JM12, Remark 5.12].
(4) For a klt pair (X,∆) with an ideal a 6= 0 on X , for any c ∈ Q>0, we define
AX,∆+c·a(v) = AX,∆(v)− c · v(a).
For a klt singularity x ∈ (X,∆), we denote by Val=1X,x ⊂ ValX,x the subspace consisting
of all valuations with AX,∆(v) = 1.
Definition 2.2 (Dual Complex). For a simple normal crossing pair (Y,E), we can form
the dual complex D(E) (see [dFKX17, Definition 8]). So every Ei corresponds to a vertex
vi and any component Z of the intersection of r-components Eij (j = 1, ...r) corresponds
to an (r − 1)-cell
WZ := {x = (a1, ..., ar) ∈ R
r
≥0 |
r∑
i=1
ai = 1}
glued on vj1 , ..., vjr .
As a special case, for a log resolution Y → (X,∆) with the a set of exceptional divisors
E =
∑r
i=1Ei over x, If (X,∆) is klt, then there is a natural embedding of
iX,∆ : D(E)→ Val
=1
X,x
by sending vi →
1
AX,∆(Ei)
ordEi and the point onWZ with coordinates (a1, · · · , ar)
(∑r
i=1 ai =
1
)
to the quasi-monomial valuation vα ∈ ValX,x defined in (2.1) where α = (
a1
AX,∆(E1)
, ..., ar
AX,∆(Er)
).
Then all valuations v such that λ · v ∈ iX,∆(D(E)) for some rescaling λ ∈ R>0 is
isomorphic to the cone iX,∆
(
D(E)
)
× R>0 ∈ ValX,x.
2.2. Log canonical thresholds and Kolla´r components.
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2.2.1. Log canonical thresholds.
Definition 2.3. Given an idea a on a log canonical pair (X,∆), we call c to be the log
canonical threshold c := lct(X,∆; a) if
c = max
t>0
{ t | (X,∆+ t · a) is log canonical, i.e. AX,∆+t·a(v) ≥ 0 for any v}
We call any valuation v satisfying that AX,∆(v) = c · v(a) a valuation that computes the
log canonical threshold of (X,∆) with respect to a.
We have the following well known lemma.
Lemma 2.4. Let (X,∆) be a log canonical pair and c = lct(X,∆; a). Let µ : Y →
(X, Supp(∆) ∪ Cosupp(a)) be a log resolution. Denote by µ∗(a) = OY (−E). Define ∆Y
by KY +∆Y := µ
∗(KX +∆) + cE.
Then valuations v that compute the log canonical threshold of (X,∆) are precisely given
by the points on the space
iX,∆
(
D(Γ)
)
× R>0 ⊂ ValX ,
where Γ ⊂ Supp(∆Y ) consists of all the components in ∆Y with coefficient 1.
Proof. The case when v is a divisorial valuation follows from [KM98, Corollary 2.31].
When v is quasi-monomial, we can assume the model Yv in Definition 2.1(2) is a log
resolution of (X, Supp(∆) ∪ Cosupp(a)). Let the center of v be a generic point of the
intersection of
⋂r
j=1Ej, and assume v = vα where α = (α1, ..., αr) with αj > 0 for all
1 ≤ j ≤ r. By (2.3), and vα(a) =
∑r
j=1 αjordEj(a), we know that
AX,∆(v) =
r∑
j=1
αjAX,∆(Ej) ≥
r∑
j=1
c · αjordEj(a) = c · v(a)
and the equality holds if and only if AX,∆(Ej) = c · ordEj(a) for all j.
Finally, for a general valuation v, we consider the quasi-monomial valuation ρY (v).
Then we know that v(a) = v(E) = ρY (v)(E), and AX,∆(ρY (v)) ≤ AX,∆(v). Thus we
know AX,∆(ρY (v)) = AX,∆(v) which implies ρY (v) = v (see [JM12, Corollary 5.4]). 
For a graded sequence {a•}N of ideals on a klt pair, we can also define its log canonical
threshold
lct(X,∆; a•) := lim sup
k
lct(X,∆;
1
k
ak) ∈ [0,+∞].
It is shown in [JM12, Theorem A and Theorem 7.3] that if c := lct(X,∆; a•) < +∞, then
there always exists a valuation v satisfying AX,∆(v) = c · v(a•), i.e.,
AX,∆(v)
v(a•)
= inf
w
AX,∆(w)
w(a•)
.
However, if a• is not finitely generated, we usually can not expect that the log canonical
threshold of a• is computed by a divisorial valuation v (see e.g. [JM12, Example 8.5]).
Lemma 2.5 ([JM12, Theorem 7.7]). Let (X,∆) be a klt pair, and a• a graded sequence of
ideals with lct(X,∆; a•) <∞. Assume a valuation v computes its log canonical threshold
with v(a•) = 1. Then if we let {a
v
•}N be the graded sequence of valuation ideals associated
to v, any valuation which computes the log canonical threshold of av• must also compute
the log canonical threshold of a•.
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Proof. Since 1 = v(a•) = inf
1
k
v(ak), we know that ak ⊂ a
v
k. Thus, for any w ∈ ValX,x,
since w(a•) ≥ w(a
v
•), we have
AX,∆(v) ≤
AX,∆(w)
w(a•)
≤
AX,∆(w)
w(av•)
.
Since v(av•) = 1, this implies that v also computes the log canonical threshold of a
v
•.
Moreover, for any v′ computes the log canonical threshold of av•, we may assume v
′(av•) =
1, thus AX,∆(v) = AX,∆(v
′), and since v′(av•) ≤ v(a•), we conclude that v
′(a•) = 1 and v
′
also computes the log canonical threshold of a•. 
2.2.2. Kolla´r components. The following special type of valuations will play a central role
in our work.
Definition 2.6 (Kolla´r Components). Let x ∈ (X,∆) be a klt singularity. A divisor S
over (X,∆) is a Kolla´r component if there is a birational morphism µ : Y → X of (X,∆)
such that µ is an isomorphism over X \ {x}, µ−1(x) = S and if we write
(KY + µ
−1
∗ ∆+ S)|S = KS +∆S,
then (S,∆S) is a log Fano pair.
Such a morphism µ is called a plt blow up (see [Pro00]), as (Y, µ−1∗ ∆+ S) is a plt pair.
Inspired by the construction in [Xu14] and the special test configuration construction in
[LX14] in the global setting, Kolla´r components were systematically used to study various
functions on the space of valuations in the local setting in [LX16].
Lemma 2.7. Let x ∈ (X,∆) be a klt singularity, and c = lct(X,∆; a) from some mx-
primary ideal a. Then there exists a Kolla´r component over x ∈ (X,∆) which computes
the log canonical thresholds of (X,∆) with respect to a.
Proof. See [LX16, Propsition 2.10]. 
For a graded sequence {a•}N of ideals with a finite log canonical threshold, we have an
approximation type result by Kolla´r components, see Proposition 3.1.
2.3. Family of pairs.
Definition-Lemma 2.8. Let X be a variety over a finite type base B with geometrically
integral fibers, and D ⊂ X a codimension one subvariety which does not contain any fiber
of X ⊂ B. Then we can stratify B into a union of finitely many constructible subsets B′α,
such that over each B′α, (X,D) ×B B
′
α admits a log resolution µα : Yα → (X,D) ×B B
′
α
such that (Yα, Eα := Ex(µα) + µ
−1
α∗D) is simple normal crossing and each stratum is log
smooth over B′α. In particular, for each s ∈ B
′
α, (Ys, Es)→ (Xs, Ds) is a log resolution.
Moreover, we can replace B′α by a finite e´tale cover Bα such that for each irreducible
stratum Z of (Yα, Eα), the fibers of Z → Bα are also irreducible, i.e., (Yα, Eα)/Bα a
fiberwise log resolution of (X,D)×B Bα.
Definition 2.9 (Q-Gorenstein family of klt pairs). We call (X,∆) → B to be a Q-
Gorenstein family of klt pairs over a smooth base B, if
(1) X is flat over B and KX/B +∆ is Q-Cartier;
(2) for any s ∈ B, Xs is normal and Supp(∆) does not contain Xs; and
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(3) for any s ∈ B, the pair (Xs,∆s) is klt, where ∆s is the cycle theoretic restriction
over s ∈ B.
We call B ⊂ (X,∆) → B a Q-Gorenstein family of klt singularities over a smooth
base B, if (X,∆) → B is a family of klt pairs over B, and there is a section B ⊂ X .
We call (X,∆) → B to be a Q-Gorenstein family of log Fano pairs over a smooth base
B, if (X,∆) → B is a projective Q-Gorenstein family of klt pairs over B, and the fiber
(Xs,∆s) is log Fano for any s ∈ B.
Remark 2.10. Over a general (possibly singular) base, a correction definition of a family
of klt pairs is subtle. See [Kol20] for a systematic study on this topic. For simplicity,
in this note, we mostly only work over the smooth base. We could allow a more general
base B. In fact, what is needed is that for any ‘admissible’ morphism B′ → B, we
have a compatible definition of the pull back of the family. Such a theory is worked out
whenever B and B′ are reduced in [Kol20, Chapter 4]. Using it, our results in this note
can be extended to the case that when B is reduced.
When ∆ = 0, we can even work over non-reduced base as below.
Definition 2.11 (Locally stable family of klt varieties). We call X → B to be a locally
stable family of klt varieties over a finite type base scheme B, if
(1) X is flat over B and for any m, ω
[m]
X/B is flat over B and commutes with any base
change B′ → B,
(2) for any point s ∈ B, Xs is klt.
See [Kol20, Chapter 3] for more background.
Lemma 2.12. Let (X,∆)→ B be a Q-Gorenstein family of klt pairs over a smooth base
B, and D ⊂ X × U → U a family of effective Cartier divisors on X over a finite type
variety π : U → B. Fix a constant c > 0.
There is a constructible set V ⊂ U , such that if we denote by Du the divisor corre-
sponding to u ∈ U and s = π(u) on S, then lct(Xs,∆s;Du) = c if and only if u ∈ V .
Proof. See [Laz04, Section 9.5.D]. 
2.13. If we apply Definition-Lemma 2.8 to the setting of Lemma 2.12, we can stratify V
into a union of finitely many constructible subsets and take finite e´tale coverings to get
finitely many varieties {Vα}, such that
⊔
α Vα → V is surjective, and for any α
(X ×B Vα,∆×B Vα + c ·D ×U Vα)
admits a fiberwise log resolution (Yα, Eα)/Vα. Let (Eα)j (j = 1, ..., r) on Yα be the log
canonical places over (X ×B Vα,∆ ×B Vα + c · D ×U Vα). Their reductions (Eα)u,j over
any point u ∈ Vα give precisely all divisors on Yu which are log canonical places over
(Xs,∆s + cDu) where s = π(u). So for any α, we can identify the dual complexes
D(Γα :=
r∑
j=1
(Eα)j) and D(Γα,u :=
r∑
j=1
(Eα)u,j) (2.4)
for any u ∈ Vα.
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2.4. Boundedness of complements. The concept of complementwas an idea first intro-
duced in [Sho92] to understand morphisms with a relative anti-ample canonical bundle.
At the first sight, it seems to be technical. However, the boundedness of complement
proved in [Bir16] is a major step forward to study birational geometry of Fano varieties.
For this note, we need the following local result.
Theorem 2.14 ([Bir16, Theorem 1.8]). Fix a positive integer n and a finite rational set
I ⊂ [0, 1] ∩ Q. Then there exists a positive integer N0 = N0(n, I) depending only on n
and I, such that for any klt x ∈ (X,∆) with dim(X) = n and coefficients of ∆ contain
in I, if there is a Kolla´r component S given by the exceptional divisor of the plt blow
up µ : Y → (X,∆), then there is a divisor ∆+ ≥ ∆ which satisfies that (X,∆+) is log
canonical, N0(KX +∆
+) ∼ 0 and S is a log canonical place of (X,∆+).
Proof. Denote by ∆Y := µ
−1
∗ ∆. Consider KS + ∆S := (KY + ∆Y + S)|S, then we know
the pair (S,∆S) is a log Fano klt pair with the coefficients of ∆S contained in D(I). By
[Bir16, Theorem 1.8], there is a constant N0 = N0(n, I) which only depends on n and I,
and a Q-divisor Θ ≥ 0 such that (Y,Θ+∆Y + S) is log canonical, and
N0(KY +Θ+∆Y + S) ∼X 0.
Push forward to X and denote by Ψ := µ∗(Θ) and ∆
+ := ∆ + Ψ. Since
µ∗(KX +∆
+) = KY +∆Y + S +Θ
we know that (X,∆+) is log canonical with S being a log canonical place. Moreover,
N0(KX +∆
+) is Cartier.

2.5. Local volumes.
2.5.1. Definitions. For a valuation v centered on a klt singularity x ∈ (X,∆), we give the
definitions of two volume functions defined on ValX,x, namely the volume volX,x(v) (or
vol(v)) and the normalized volume v̂ol(X,∆),x(v) (or abbreviated as v̂olX,∆(v) or simply
v̂ol(v) if there is no confusion).
Definition 2.15. Let X be an n-dimensional normal variety. Let x ∈ X be a closed
point. We define the volume of a valuation v ∈ ValX,x following [ELS03] as
volX,x(v) = lim sup
k→∞
ℓ(Ox,X/a
v
k)
kn/n!
.
where ℓ denotes the length of the artinian module.
Thanks to the works of [ELS03,LM09,Cut13] the above limsup is actually a limit.
The following invariant, which was defined first in [Li18], plays a key role for our study
in the local stability.
Definition 2.16 ([Li18]). Let (X,∆) be an n-dimensional klt log pair. Let x ∈ X be
a closed point. Then the normalized volume function of valuations v̂ol(X,∆),x : ValX,x →
(0,+∞) is defined as
v̂ol(X,∆),x(v) =
{
A(X,∆)(v)
n · volX,x(v), if A(X,∆)(v) < +∞;
+∞, if A(X,∆)(v) = +∞.
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The volume of the klt singularity (x ∈ (X,∆)) is defined as
v̂ol(x,X,∆) := inf
v∈ValX,x
v̂ol(X,∆),x(v).
For a divisorial valuation ordD, we will also use v̂ol(D) for v̂ol(ordD).
It is known the minimum indeed exists by [Blu18] (see also Remark 3.8).
The minimizing problem for v̂olX,∆ is closely related to K-stability. The guiding ques-
tion is called the Stable Degeneration Conjecture, which was formulated in [Li18, Conjec-
ture 7.1] and [LX18, Conjecture 1.2]. See [LLX17] for more background. Theorem 1.2
settles one part of the conjecture.
We need the following result which is a special case of the Stable Degeneration Conjec-
ture.
Proposition 2.17. Let (V,∆V ) be a log Fano pair. Let r be a positive integer such that
H := −r(KV + ∆V ) is Cartier. Consider the cone x ∈ (X,∆) = C(V,∆V ;H), with x
being the vertex. Let v∗ ∈ ValX,x be the canonical divisorial valuation obtained by blowing
up the vertex. Then v∗ is a minimizer of v̂ol(X,∆),x if and only if (V,∆V ) is K-semistable.
Proof. This was proved in [LX16, Theorem 4.5], after the works in [Li17] and [LL19]. 
2.5.2. Invariance of local volumes. The following theorem is a local version of [HMX13,
Theorem 4.2] and the proof is similar to the one there.
Theorem 2.18. Let B ⊂ (X,∆)→ B be a Q-Gorenstein family of klt pairs over a smooth
base B. Assume there is a fiberwise log resolutions µ : Y → (X,∆) over B (see Definition-
Lemma 2.8) with the exceptional divisor E =
∑k
i=1Ei. If F is a prime toroidal divisor
with respect to (Y, Supp(µ−1∗ (∆))+E), with AX,∆(F ) < 1, then the volume volXs,∆s(ordFs)
is locally constant on s ∈ B.
Proof. By restricting over a curve C → B, we can assume B is a smooth curve. By taking
a toroidal resolution, we can assume F is a divisor on Y . Write
µ∗(KX +∆) = KY + F1 − F2,
where F1 and F2 are effective Q-divisors without any common components. By our
assumption, each stratum of (Y, Supp(F1 + F2)) is smooth over B and F ⊂ Supp(F1).
After possibly a further toroidal blow up, we may assume (Y, F1) is terminal.
Fix s, for a sufficiently small ǫ ∈ Q>0, the divisor Nσ(Ys/Xs;KYs +(F1)s− ǫFs) defined
as [Nak04, III.4] is a Q-divisor, as (Ys, (F1)s − ǫFs) has a relative good minimal model
over Xs. In particular,
Γs :=
(
(F1)s − ǫFs
)
−
(
(F1)s − ǫFs) ∧Nσ
(
Ys/Xs;KYs + (F1)s − ǫFs
))
is also a Q-divisor. Therefore, we can choose a divisor Γ supports on Supp(F1) such that
Γ|Ys = Γs.
We run a relative MMP program with scaling by [BCHM10] for KY +Γ over X . Denote
by gk : Y k 99K Y k+1 the k-th MMP step, and Γk the pushforward of Γ to Y k. We will
inductively prove that,
(a) gk is isomorphic at the generic point of every component of Γ|s; and
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(b) gks : Y
k
s 99K Y
k+1
s is a birational contraction.
Assume this is true after (k − 1)-steps. (b)k−1 implies that no component of Γ
k
s is a
component of the stable base locus of KY ks +Γ
k
s . Then if g
k is not an isomorphism at the
generic point of a divisor D contained in Y ks . Then D is covered by curves C such that
0 > C · (KY ks + Γ
k
s) = C · (KY k + Γ
k),
It follows that D is a component of the stable base locus of KY ks +Γ
k
s , so that D is not a
component of Γks . This is (a)k.
To see (b)k, since the MMP is also a (KY ks + Γ
k
s)-negative morphism, if g
k
s : Y
k
s 99K
Y k+1s is not a birational contraction, a component Θ in Ex((g
k
s )
−1) will have non-positive
discrepancy for (Y k+1s ,Γ
k+1
s ), thus it has a negative discrepancy with respect to (Y
k
s ,Γ
k
s).
But as (Y ks ,Γ
k
s) is terminal, and each step is (KY ks +Γ
k
s)-negative, we know Θ is component
of Supp(Γks) which is a contradiction to (a)k.
By [BCHM10], we obtain a relative minimal model φ : Y 99K Z and ψ : Z → X . For m
sufficiently divisible,
(µs)∗(−mǫFs) = (µs)∗
(
−m(ǫFs − (F2)s)
)
= (µs)∗
(
m(KYs + (F1)s − ǫFs)
)
= (µs)∗
(
m(KYs + Γs)
)
= (ψs)∗
(
m(KZs + (φs)∗Γs)
)
= ψ∗
(
m(KZ + φ∗Γ)
)
⊗OX OXs
⊂ µ∗
(
m(KY + (F1)− ǫF )
)
⊗OX OXs
= µ∗
(
m(F2 − ǫF )
)
⊗OX OXs
= µ∗(−mǫF )⊗OX OXs ,
where in the fourth equality, we use (b) and that (Ys,Γs) 99K (Zs, (φs)∗Γs) is (KYs + Γs)-
negative; in the fifth equality, we use φ : Z → X is a relative minimal model of (Z, φ∗Γ)
and φ∗(Γ)|Zs = (φs)∗(Γs) by (a) and (b).
So µ∗(−mF )⊗OX OXs = (µs)∗(−mFs) for any s, which implies
vol(−Fs) = vol(−Fη)
is a constant. 
The following corollary may have its own interests. We will not need it in the rest of
the paper.
Corollary 2.19. In the notation of Theorem 2.18. Let χ : Zc → X be the birational model
which precisely extracts the birational transform of F , denoted by F ′, such that −F ′ is
ample over X. Then it satisfies that restricting over each s ∈ B, χs : Z
c
s → Xs precisely
extracts F ′s which is the birational transform of Fs.
Proof. If we consider the relative ample model Zc of KY + Γ which is the same as the
relative ample model of −F , thus Zc is the model given in the theorem. Moreover, Z
admits a morphism ρ : Z → Zc as Z is the relative minimal model of KY +Γ. Since over
any s, (ρ−1∗ F
′)s only contains a birational transform of Fs by (b) in the proof of Theorem
2.18, hence the same is true for F ′s. 
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3. Quasi-monomial limit
3.1. Approximation. On a klt singularity x ∈ (X,∆), for a graded sequence {a•}N
of mx-primary ideals, unlike Lemma 2.7, usually we can not find a divisorial valuation
computing its log canonical threshold. However, we have the following result, whose proof
slightly simplifies the one in [LX16, Theorem 1.3].
Proposition 3.1. Let x ∈ (X,∆) be a klt singularity. Let {a•}N be a graded sequence
of mx-primary ideals with lct(X,∆, a•) < +∞, then we can find a valuation v ∈ Val
=1
X,x
which is the limit of 1
AX,∆(Sj)
· ordSj for a sequence of Kolla´r components {Sj}, such that
v calculates the log canonical threshold of a•.
Later in Theorem 3.3, we will show such v is always quasi-monomial.
Proof. Let c = lct(X,∆, a•) and w ∈ Val
=1 a valuation which calculates the log canonical
threshold of a•, then w(a•) =
1
c
. Let w′ = c · w, by Lemma 2.5, we may assume a• = a
w′
• .
Let ak (k ∈ N) be the k-th element in the graded sequence of ideals. Denote by ck :=
lct(X,∆; 1
k
ak). In particular, limk ck = c.
By Lemma 2.7, there exists a Kolla´r component Sk with ck · ordSk(ak) = k · AX,∆(Sk).
We consider the valuation
vk :=
ck
c · A(X,∆)(Sk)
ordSk =
k
c · ordSk(ak)
ordSk .
Note that A(X,∆)(vk) =
ck
c
≤ 1.
Let w(mx) = ǫ > 0. Then w
′(mx) = c · ǫ which implies m
⌈ k
cǫ˙
⌉
x ⊂ ak. Thus for any
k ≥ c · ǫ,
vk(mx) ≥ vk(ak) ·
c · ǫ
k + c · ǫ
≥ vk(ak) ·
c · ǫ
2k
=
ǫ
2
,
which is bounded from below. In particular, by the compactness result [JM12, Proposition
5.9] and [LX16, Proposition 3.9], we know that there is an infinite sequence {vj} which
has a limit in ValX,x, denoted by v = limj→∞ vj.
We have
A(X,∆)(v) ≤ lim inf
j→∞
A(X,∆)(vj) ≤ 1,
as A(X,∆) is lower semicontinuous (see [JM12, Lemma 5.7]). By definition vk(ak) =
k
c
for
any k and amk ⊂ amk for any m ∈ N. This implies
vmk(ak) ≥
vmk(amk)
m
=
k
c
.
Thus
v(a•) = lim
k→∞
v(ak)
k
= lim
k→∞
(
lim
m→∞
vmk(ak)
k
)
≥
1
c
.
Since
AX,∆(v)
v(a•)
≤ c = inf
w′
AX,∆(w
′)
w′(a•)
.
This implies that AX,∆(v) = 1 and v(a•) =
1
c
.
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Since limj cj = c, we have
v = lim
j
vj = lim
j
c
cj
vj = lim
j
1
AX,∆(Sj)
ordSj .

We can slightly improve the result by showing the following.
Lemma 3.2. In the notation of Proposition 3.1. Assume w ∈ Val=1X,x which calculates
the log canonical threshold of a•. Then we can choose v as in Proposition 3.1 such that
v ≥ w.
Proof. Let c = lct(X,∆, a•) and then w(a•) =
1
c
. Let w′ = c · w, by Lemma 2.5, we can
assume a• = a
w′
• . Then we can apply the construction in the proof of Proposition 3.1 to
get v. It remains to show v ≥ w = 1
c
w′. To verify it, we pick any f ∈ R and denote by
w′(f) = p for some p ∈ R>0. For a fixed j, choose l such that
(l − 1)p < j ≤ lp.
Let k = j in the previous construction. Then we have:
w′(f) = p =⇒ w(f l) = pl,
=⇒ f l ∈ apl,
=⇒ f l ∈ aj ,
=⇒ vj(f) ≥
j
cl
>
p
c
−
p
cl
.
The fourth arrow is because vj(aj) =
j
c
. Thus
v(f) = lim
j
vj(f) ≥
p
c
= w(f).

3.2. Quasi-monomial limit. Let x ∈ (X = Spec(R),∆) be a klt singularity. The main
aim of this section is to prove the following theorem.
Theorem 3.3. Let x ∈ (X,∆) be a klt singularity. Let vi =
1
AX,∆(Si)
(ordSi) be an infinite
sequence of valuations where Si are Kolla´r components over x ∈ (X,∆) and assume there
is a uniform C such that v̂ol(Si) ≤ C, then there is an infinite subsequence which has a
quasi-monomial limit v ∈ Val=1X,x.
Lemma 3.4. If there is a sequence of valuations such that either
limi→∞ vi → v ∈ ValX,x or v̂ol(vi) < C
for a constant C which does not depend on i, then there is a positive δ > 0, such that for
any i, vi(mx) ≥ δ.
Proof. Let us first assume limi→∞ vi → v ∈ ValX,x. Let f1, ..., fk be a set of generators
of mx. Then for any 1 ≤ j ≤ k, limi→∞ vi(fj) → v(fj) > 0. In particular, we know for
all 1 ≤ j ≤ k and all i, vi(fj) has a positive lower bound, which we denote by δ. Then
vi(mx) ≥ δ for any i.
If we assume v̂ol(vi) < C, then this follows from [Li18, Theorem 1.1]. 
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Proposition 3.5. Let (X,∆) be a klt pair. Let {Si}i∈N be a sequence of Kolla´r components
such that
lim
i∈N
1
AX,∆(Si)
ordSi = v.
Then there exists a constant N and a family of Cartier divisors D → V parametrised by
a variety V of finite type, such that for any i, Si computes the log canonical threshold of
a pair (X,∆+ 1
N
Du) for some u ∈ V .
For a stronger statement, which will be needed later, see Proposition 4.2.
Proof. Denote by vi :=
1
AX,∆(Si)
· ordSi. Let µi : Yi → X be the plt blow up which extracts
Si.
By Theorem 2.14, We know that there is a uniform N0 such that for each i, we can
find an effective Q-divisor Ψi with the property that (X,∆+Ψi) is log canonical with Si
being a log canonical place. Define ∆+Si by
KSi +∆
+
Si
= µ∗i (KX +∆+
1
N
Ψi)|Si,
then (Si,∆
+
Si
) is log canonical. Moreover, N(KX+∆+Ψi) is Cartier. Set N = rN0 where
r is a positive integer such that r(KX+∆) is Cartier, then both N(KX+∆) and NΨi are
Cartier for all i. Thus we can assume NΨi is given by div(ψi) for some regular function
ψi.
FixM ∈ N, such that δ ·M > N where δ is the positive constant obtained in Lemma 3.4
for the sequence {vi}. Then let g1, ..., gm be m-elements in R, such that their reductions
[g1], ..., [gm] ∈ Ox,X/m
M
x
yield a k-basis. So for any i, there exists a k-linear combination of hi of g1, ..., gm such
that the image of ψi and hi are the same in Ox,X/m
M
x .
Claim 3.6. Let Φi := div(hi), then (X,∆ +
1
N
Φi) is log canonical and has Si as its log
canonical place.
Proof. Since si = hi − ψi ∈ m
M
x , so
vi(si) ≥ M · vi(mx) > N.
On the other hand, since vi computes the log canonical threshold of (X,∆+Ψi), we know
N = N ·AX,∆(vi) = vi(ψi) = vi(hi).
This implies that(
KYi + Si + µ
−1
i∗ (
1
N
Φi +∆i)
)
|Si = µ
∗
i (KX +∆+
1
N
Φi)|Si
= µ∗i (KX +∆+
1
N
Ψi)|Si
= KSi +∆
+
Si
.
Since (Si,∆
+
Si
) is log canonical, by inversion of adjunction (see [Kaw07]), we know that
(Yi, Si + µ
−1
i∗ (Φi + ∆i)) is log canonical along Si, which implies that (X,∆ + Φi) is log
canonical, and Si computes its log canonical threshold. 
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Then by Lemma 2.12, we could find the desired bounded family of divisors D → V . 
The proof of of Claim 3.6 says that the log canonical thresholds of two functions are
the same if they are sufficiently close in mx-adic topology. As far as we know, this kind
of argument first appeared in [Kol08] and [dFEM10].
Proof of Theorem 3.3. Since AX,∆(vi) = 1 and vi(mx) > δ by Lemma 3.4, it follows from
[LX16, Prop 3.9] that there is an infinite subsequence, which we still denote by vi such
that v := limi vi exists. We need to prove v to be quasi-monomial.
Applying Proposition 3.5, we get a bounded family of divisor D → V , and a family
Cartier divisors (D ⊂ X × V )→ V such that for any u, (X,∆+ 1
N
(Du)) is log canonical
but not klt, and any Si is the lc place of (X,∆ +
1
N
Dui) for some ui ∈ V . Replacing V
by an irreducible closed subset, we can further assume the set {ui} form a dense set of
points on V . We may further resolve V to be smooth.
Applying (2.13) to (X × V,∆× V + 1
N
D) over V , after shrinking V to an open set and
replacing it by a finite e´tale covering, we can assume (X × V,∆× V + 1
N
D)→ V admits
a fiberwise log resolution µV : Y → (X × V,∆ × V +
1
N
D) over V with the exceptional
divisor E =
∑k
i=1Ei being simple normal crossing (see Definition-Lemma 2.8). We choose
Γ ⊂ E to be the subdivisor given by the components with log discrepancy 0 with respect
to (X ×B V,∆×B V +
1
N
D). We also denote by K := K(V ) the function field of V , and
η the point x× Spec(K) ∈ X × V .
For any point ui, since Si computes the log canonical threshold of (X,∆+
1
N
Dui(= Φi)),
using the identification in (2.4), Si ∈ iXs,∆s(D(Γ|Yui))×R>0 can be regarded as a restriction
of a divisor corresponding to a point on iX,∆(D(Γ)) × R>0, whose restriction over the
generic point Spec(K) of V will yield a divisor, denoted by Ti. Thus, the valuations
1
AXK,∆K (Ti)
ordTi are contained in the image of the fixed dual complex iXK ,∆K(D(Γ|YK)) for
all i.
Since D(Γ) is compact, after passing to an infinite subsequence of i, the valuations
1
AXK,∆K (Ti)
ordTi converges to a quasi-monomial valuation w over XK .
We claim that the restriction of w to K(X) ⊂ K(XK) is v. In fact, if for any f ∈ R, we
denote by fK its image under the injection K(R) ⊂ K(X × V ). Then Lemma 3.7 implies
that,
w(fK) = lim
i→∞
1
AXK ,∆K(Ti)
ordTi(fK) = lim
i→∞
1
AX,∆(Si)
ordSi(f) = v(f).
By the Abhyankar-Zariski inequality,
rat.rk(w) + tr.deg(w) ≤ rat.rk(v) + tr.deg(v) + tr.deg(K(V )/k).
Since w is Abhyankar, the left hand side is equal to dim(X) + dim(V ). Therefore,
rat.rk(v) + tr.deg(v) = dim(X),
thus v is an Abhyankar valuation on K(X), which is the same as saying that it is a
quasi-monomial valuation. 
Lemma 3.7. The notation as above, for any f ∈ R, ordTi(fK) ≤ ordSi(f), and the
equality holds for i sufficiently big.
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Proof. The first inequality is straightforward. To see the equality, we can take a log
resolution W of
(
Y,E + µ−1V ∗(p
∗
1(div(f) + ∆))
)
where p1 : X × V → X . There is an open
set V ◦ ⊂ V , such that
W ×V V
◦ →
(
Y,E + µ−1V ∗(p
∗
1(div(f) + ∆))
)
×V V
◦ → V ◦
could yield a fiberwise log resolution after a finite e´tale base change. Now it is easy to see
for any ui ∈ V
◦, we have ordTi(fK) = ordSi(f). 
Proof of Theorem 1.1. Let w compute the log canonical threshold of a• on (X,∆) (see
[JM12, Theorem 7.3]) with cX(w) = η. We can replace a• by a
w
• (see Lemma 2.5) and
localize at η, thus we reduce to the case that a• is a graded sequence of mη-primary ideals
where mη is the maximal ideal on a local ring of an essentially finite type.
Then we can apply Proposition 3.1 which says which says that there exists avaluation
v such that AX,∆(v) = AX,∆(w), v ≥ w, and v also calculates the log canonical thresholds
of a•. By Theorem 3.3, v has to be quasi-monomial. 
Proof of Theorem 1.2. By Theorem 1.1, we know for a minimizer w, there exists a quasi-
monomial valuation v which computes the log canonical threshold of aw• . Since w is a
minimizer of v̂ol(X,∆),x, we conclude v = λw by [Blu18, Lemma 4.7] for some λ > 0. 
Remark 3.8. In [Blu18], to show the existence of the minimizer, there is a technical
assumption that the ground field k has to be uncountable. Our approach can indeed
remove this assumption.
More precisely, we can always find a sequence of Kolla´r component Si such that
limi v̂ol(Si) = inf v̂ol(v) (see [LX16, Lem. 3.8]). Therefore, after passing to a further
infinite subsequence, as in the proof of Theorem 3.3, we can assume there is a family
(X × V,∆× V + 1
N
D)→ V which admits a fiberwise log resolution, and Si is an lc place
of (X,∆+ 1
N
Dui) for some ui ∈ V . Fix a closed point u ∈ V , then as before, Si yields a
divisor Ti which is a lc place of (X,∆+
1
N
Du) and yield the same point as Si under the
correspondence (2.4). By Theorem 2.18, v̂ol(ordSi) = v̂ol(ordTi). Thus wi :=
1
AX,∆(Ti)
ordTi
has a limit w, and
v̂ol(w) = lim
i
v̂ol(ordTi) = lim
i
v̂ol(ordSi) = inf v̂ol(v),
i.e. w is a minimizer of v̂ol(X,∆),x.
4. Family version
In this section, we will use the techniques developed in the previous section to study a
Q-Gorenstein family of klt singularities, and we prove the normalized volume function is a
locally constant function. As a consequence, we obtain the openness of the K-semistable
locus among a Q-Gorenstein family of log Fano pairs.
Let (X,∆) → B be family of klt singularities over a smooth base B with a section
σ : B → X .
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Lemma 4.1. There is a uniform positive constant δ > 0 depending only on B ⊂ (X,∆),
such that for any point s ∈ B, and a valuation vs ∈ ValXs,xs with AXs,∆s(vs) < +∞, then
v̂ol(vs) · vs(ms) > δ ·AXs,∆s(vs).
Proof. This is a family version of the proper estimate in [Li18, Theorem 1.1]. See [BL18a,
Theorem 22] for a proof. 
The following statement is a generalization of Proposition 3.5.
Proposition 4.2. Let B ⊂ (X,∆) → B be a Q-Gorenstein family of klt singularities
over a smooth base B. Fix a positive number C. There is a family of Cartier divisors
D ⊂ X ×B V over a finite type variety π : V → B and a positive number N , such that for
any Kolla´r components Ss over (Xs,∆s) with v̂ol(ordSs) ≤ C, then Ss is a log canonical
place of the log canonical pair (Xs,∆s +
1
N
Du), where Du := D ×V {u} for some u ∈ V
with π(u) = s.
Proof. Let δ be the constant as in Lemma 4.1 and δ0 =
δ
C
> 0. Then it follows from our
assumption v̂ol(ordSs) ≤ C that
1
AXs,∆s(Ss)
ordSs(ms) ≥ δ0.
Fix M such that Mδ0 > N := rN0, where N0 is the constant given by Lemma 2.14
which only depends on the dimension of Xs and the coefficients of ∆ and r is a positive
integer such that r(KX + ∆) is Cartier. By shrinking B, we can assume B = Spec(T ),
OV /(mσ(B))
M is a free T -module with a basis [g1], ..., [gm] for gi ∈ OB,X .
Let E → AmT be the space, such that over point t = (t1, ..., tm) ∈ A
m
T , the fiber Et
parametrises the divisor of (
∑m
j=1 tjgj = 0). For the family
(X ×B A
m
T ,∆×B A
m
T + E) −→ A
m
T
π
−→ B,
by Lemma 2.12, there is a constructible set V ⊂ Am × B which parametrizes the locus
such that any u ∈ V if and only if
lct(Xs,∆s;Eu) =
1
N
where s = π(u).
Let D := E ×Am
T
V . If for any Kolla´r component Ss over (Xs,∆s) with
v̂olXs,∆s(ordSs) < C,
the same argument for Proposition 3.4 shows that Ss is a log canonical place of a pair
(Xs,∆s+
1
N
D′) for some D′ = div(g) with g =
∑m
i=1 λi(gi)s for some λi ∈ k, where (gi)s is
the reduction of gi under the morphism OB,X → Os,Xs. Thus D
′ = Du for u = (λ1, ..., λm)
over s ∈ B. 
Proof of Theorem 1.3. Let C = nn + 1, then we know for any geometric point s ∈ B,
v̂ol(s,Xs,∆s) < C by [LX17, Theorem 1.6]. Apply Proposition 4.2 to such C and let
(D ⊂ X ×B V )→ V be the family of divisors given by it. Then after stratifying the base
into a union of finitely many constructible subsets and taking finite e´tale coverings, by the
Noether induction, we can assume
(
X×B V, Supp(∆×B V +
1
N
D)
)
admits a fiberwise log
resolution µ : Y → X×B V over V with the exceptional divisor E =
∑k
i=1Ei being simple
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normal crossing (see Definition-Lemma 2.8). We choose Γ ⊂ E to be the subdivisor given
by the components with log discrepancy 0 with respect to (X ×B V,∆×B V +
1
N
D).
Then for any s ∈ B and a Kolla´r component Si over (Xs,∆s) with v̂ol(ordSi) ≤ C,
Proposition 4.2 implies that there is a point ui ∈ V with π(ui) = s such that (Xs,∆s +
1
N
Dui) is log canonical and Si is a log canonical place of the pair. Since µui : Yui →
(Xs,∆s +
1
N
Dui) is a log resolution, we know that Si will be a toroidal divisor over
(Yui, Eui) := (Y,E) ×U {ui}, which then yields a toroidal divisor Ti over (Y,E) whose
corresponding valuation is contained in iX,∆(D(Γ)) × R>0, such that Si is given by the
restriction of Ti over ui.
For any toroidal divisor T with ordT ∈ iX,∆(D(Γ))× R>0, since(
X ×B V,∆×B V + (
1
N
− ǫ)D
)
is klt for any 1
N
≥ ǫ > 0, and we can choose ǫ sufficiently small such that
AX×BV,∆×BV+( 1N−ǫ)D
(T ) < 1,
by Theorem 2.18 we conclude that for any u ∈ V , the function
u→ v̂olXs,∆s(Tu)
is a locally constant function on V . By shrinking B to an open set, we can assume all
components of V dominate B. Thus for any s ∈ B,
v̂ol(s,Xs,∆s) = inf
Si
{ v̂olXs,∆s(ordSi) | Kolla´r components Si with v̂ol(Si) ≤ n
n + 1}
= inf
Tu
{ v̂olXs,∆s(ordTu) | u ∈ π
−1(s), ordTu ∈ iXs,∆s(D(Γ|Yu))× R>0}
is locally constant.

It is known that v̂ol(s,Xs,∆s) is also lower-semicontinous by [BL18a, Theorem 1].
Indeed, with Theorem 1.3, to see this we only need the weaker result that the normalized
volume does not increase under a specialization of singularities.
It is well known that Theorem 1.4 follows from Theorem 1.3 via the cone construction.
Proof of Theorem 1.4. We take the relative cone over Y := C(X/B,−r(KX + ∆)) for
sufficiently divisible r, i.e. Y = SpecOB
⊕∞
m=0
(
f∗(−rm(KX +∆))
)
, and we can pull back
the base ∆ to get a boundary ∆Y . It has a section B → (Y,∆Y ) given by the cone vertices
and makes it a Q-Gorenstein family of klt singularities.
For any s ∈ B,
v̂ol(s, Ys,∆Ys) ≤ v̂ol(Ys,∆Ys),s(ordVs) =
1
r
(−KXs −∆s)
n,
where Vs is the divisor obtained by blowing up the vertex. By Proposition 2.17, for any
geometric point s ∈ B, (Xs,∆s) is K-semistable if and only if the equality holds.
By Theorem 1.3 and [BL18a, Theorem 1], v̂ol(s, Ys,∆Ys) is constructible and lower semi-
continuous. Therefore, there is an open set B◦ of B, such that v̂ol(s, Ys,∆Ys) takes the
possibly maximal value 1
r
(−KXs −∆s)
n, which is precisely the locus where the geometric
fibers are K-semistable. 
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Remark 4.3. When ∆ = 0, the proof of Theorem 1.4 clearly can also be applied to any
locally stable family of klt Fano varieties (see Definition 2.11).
It is known that openness of K-semistability was the last missing ingredient to prove
Theorem 1.5 (see [ABHLX19, Corollary 1.2]). An outline of the construction is given in
[BX18] for locally stable families of uniformly K-stable Fano varieties. To get Theorem
1.5, we only need to replace the ingredients, and then the same argument applies.
Proof of Theorem 1.5. We follow the proof of [BX18, Corollary 1.4]. Replacing the uni-
form K-stability by the K-semistability, and [BL18b] by Theorem 1.4 (see Remark 4.3),
we conclude that Xkssn,V is parametrised by an Artin stack of finite type over k. Then by
[BX18, Theorem 1.1] and [ABHLX19, Corollary 1.2], we know the good moduli space
Xkpsn,V exists and is separated. 
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